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Abstract
Let D be any p-cotorsion free (abelian) group. We construct a proper class of indecomposable
torsion free groups G such that Ext(D;G) = 0. This contrasts with the classical case of D =Q
where the only indecomposable torsion free cotorsion groups are Q, and the groups of all p-adic
integers for each prime p. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: Primary 20K26; 20K40; secondary 20K30; 20K20; 13F10
An (abelian) group G is called cotorsion if Ext(Q; G)=0 or equivalently, Ext(F;G)=
0 for each torsion free group F . A classical result of Kaplansky [6, Section 40] says
that the torsion free cotorsion groups coincide with the groups G of the form G =
Q() ⊕∏p∈P Ĵ(p)p , where , p (p ∈ P) are cardinals, P;Q, and Jp denote the prime
integers, the rationals, and the p-adic integers, respectively, and̂ stands for the p-adic
completion. In particular, G is indecomposable iA G =Q or G = Jp for some p ∈ P.
Since End(Q) ∼= Q and End(Jp) ∼= Jp (p ∈ P), as a rule, End(G) contains many
copies of Q and Jp (p ∈ P).
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These classical results may be viewed as a partial solution, for D=Q, to the following
problem of general interest: Given a torsion free group D, describe the groups G
satisfying Ext(D;G) = 0 and examine the endomorphism rings of such G.
In our investigation of tilting and cotilting groups [8], we have considered another
particular case, when D=D. Here,  is an inBnite cardinal and D is a subgroup of
the Baer–Specker group Z such that Z()⊆D and D=Z() is divisible of rank 2.
Note that D is !1-free. By [8, Section 1], a group G is called -almost cotorsion if
Ext(D; G) = 0. This terminology comes from the fact that the cotorsion groups are
the only groups which are -almost cotorsion for all  ≥ !. Nevertheless, for a Bxed
 ≥ !, the -almost cotorsion groups are still quite far from the cotorsion ones. By
[8, Theorem 1:7], if R is any cotorsion free ring with |R|¡! then there exists a
torsion free -almost cotorsion group G such that End(G) ∼= R (and G is cotorsion
free, cf. [3, XIII, 3:1]). So in contrast with the cotorsion groups, the almost cotorsion
ones are not classiBable (cf. [2]).
In the present paper, we show that a similar phenomenon occurs for any p-cotorsion
free, and hence any !1-free, group D. In order to state our main result precisely, we
recall the following notions:
Let R be a proper subring of Q and p ∈ P be such that 1=p ∈ R. An R-module G
is p-reduced if
⋂
n¡! p
nG=0; G is torsion free if rg=0 implies r=0 or g=0 for all
r ∈ R and g ∈ G. Note that Z- and R-homomorphisms coincide for all R-modules G
and G′, that is, Hom(G;G′)=HomR(G;G′) and Ext(G;G′)=ExtR(G;G′). An R-module
G is called p-cotorsion free if G is p-reduced, torsion free and HomR(Rˆ; G)=0 where
Rˆ is the p-adic completion of R. G is !1-free if all countably generated R-submodules
of G are free. Note that any !1-free R-module is p-cotorsion free. We will prove:
Theorem 1. Let  and  be in<nite cardinals such that =. Let D be a p-cotorsion
free (!1-free) R-module such that |D| ≤ . Then there exists a p-cotorsion free
(!1-free) R-module G such that |G| = ; Ext(D;G) = 0 = ExtR(D;G) and End(G) =
EndR(G) ∼= R.
Since R is a principal ideal domain, the latter condition implies that G is indecom-
posable. So for a Bxed D, there is proper class of such indecomposable groups G.
The statement of Theorem 1 is optimal in the following sense: Assume D is p-reduced,
torsion free, but not p-cotorsion free. Then there is no p-cotorsion free R-module G
with Ext(D;G) = 0 = ExtR(D;G). (Otherwise, since D contains a copy of Rˆ, it con-
tains a summand isomorphic to Rˆ by [3, Theorem V.2.9]. Applying HomR(−; G) to
0 → R → Rˆ → Q → 0, we get that G ∼= HomR(R;G) ∼= ExtR(Q;G) is cotorsion,
a contradiction.) Similarly, we infer that G  Rˆ whenever G is an indecomposable
p-reduced torsion free R-module such that Ext(D;G) = 0 = ExtR(D;G).
Our proof of Theorem 1 combines recent techniques for vanishing of Ext due to
Eklof [4, Section 1] with a particular version of Shelah’s Black Box (cf. [7,10]). We
will assume that the reader is familiar with basics of the Black Box construction. Our
presentation will follow the discrete case of [1].
R. Gobel, J. Trlifaj / Journal of Pure and Applied Algebra 157 (2001) 241–246 243
First, we Bx a free resolution of D in Mod-R,
0→ K →L → D → 0; (1)
such that |K | ≤ . Denote by C a Bxed p-basic R-submodule of D, [6, Section 32].
Note that C is a free R-module of rank ≤ , C is p-pure in D and D=C is p-divisible.
Let T =¡!  be the tree consisting of all Bnite sequences of ordinals ¡. Let
B =
⊕
∈T R, so B is the free R-module with the basis T. It will be convenient to
represent the direct sum of  copies of the R-module C in the form E =
⊕
∈I C
where I is a set of cardinality of . Put F =B⊕E. Note that F is a free R-module of
rank . Let Fˆ be the p-adic completion of F .
Each x ∈ Fˆ can be represented in the form x=∑∈T j+
∑
∈ I c where j ∈ Jp
for all  ∈ T, c ∈ Cˆ for all ∈ I , and for each n¡!, j ∈ pnJp and c ∈ pnCˆ
for almost all  ∈ T and ∈ I . DeBne the T -support of x by [x]T = { ∈ T | j =
0} and the C-support of x by [x]C = {∈ I | c = 0}. The support of x is deBned
by [x] = [x]T ∪ [x]C . Note that |[x]| ≤ !. For X ⊆ Fˆ , we deBne [X ]T =
⋃
x∈X [x]T ,
[X ]C =
⋃
x∈X [x]C and [X ] =
⋃
x∈X [x]. We Bx a strictly increasing continuous function
 : cf () + 1→ + 1 such that  (cf ()) = . We deBne the norm of x ∈ Fˆ by
||x||=min{!⊆ cf () | [x]T ⊆  (!)¡!};
and ||X ||= sup{||x|| | x ∈ X } for each X ⊆ Fˆ . Note that ||X ||= 0 whenever X ⊆ Eˆ.
An R-submodule P of F is called a canonical module if P=
⊕
∈Y R⊕
⊕
∈Z C,
where Y ⊆T, Z ⊆ I and |Y | ≤ , |Z | ≤ . Put PT =
⊕
∈Y R and PC =
⊕
∈Z C.
A triple T = (f; P; ’) is called a trap provided that P is a canonical module, f :
T → T is a tree embedding such that imf⊆PT , [PT ] is a subtree of T, cf (||P||)=!,
||!||= ||P|| for each branch ! ∈ Br(imf), and either
(i) ’ ∈ HomR(K; Pˆ) or (ii) ’ ∈ EndR(Pˆ).
In case (i), T is called an Ext-trap, in case (ii) and End-trap.
Since cf ()¿ ≥ !, the set S = {¡ | cf () = !} is stationary in . So there
exist disjoint stationary subsets, SExt and SEnd, of S such that S = SExt ∪ SEnd.
We will use the following version of Shelah’s Black Box:
Lemma 2. There exists an ordinal ∗ with |∗| =  and a sequence of traps;
((f; P; ’) | ¡∗); such that
(i) ||P)|| ≤ ||P|| for all )¡¡∗;
(ii) Br(imf) ∩ Br(imf)) = ∅ for all  = )¡∗;
(iii) Br(imf) ∩ Br([P)]) = ∅ for all ; )¡∗: ) + ! ≤ ;
(iv) for all ¡∗: ||P|| ∈ SExt i? (f; P; ’) is an Ext-trap;
(v) for each X ⊆ Fˆ with |X | ≤  and for each ’ ∈ HomR(K; Fˆ) there exists a co<nal
subset of ∗ consisting of the ordinals  satisfying ||P|| ∈ SExt ; X ⊆ Pˆ; ||X ||¡
||P|| and ’ = ’.
(vi) for each X ⊆ Fˆ with |X | ≤  and for each ’ ∈ EndR(Fˆ) there exists a co<nal
subset of ∗ consisting of the ordinals  satisfying ||P|| ∈ SEnd ; X ⊆ Pˆ; ||X ||¡
||P|| and ’ = ’  P̂.
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Proof. See [1, Appendix], [5, 1.7] and [7, Theorem 4:8].
Proof of Theorem 1. We Bx a bijection b : I → ∗. Let J = {B ∈ I | ||Pb(B)|| ∈ SExt}
and J={B ∈ J |b(B)¡} for each ¡∗. By induction on ¡∗, we will construct
an increasing continuous chain, (G | ¡∗), consisting of p-cotorsion free (!1-free)
p-pure R-submodules of Fˆ such that
B⊕
⊕
)∈J
)C ⊆∗ G⊆∗ Gˆ = Bˆ⊕ [
⊕
)∈J
)C (2)
for all ¡∗, and such that G=G+1 ∩ Ĝ for each ¡∗ with ||P|| ∈ SExt. (Here,
⊆∗ denotes a p-pure embedding of R-modules.)
First, G0 = B is a p-pure free R-submodule of Fˆ .
Assume ¡∗. If ||P|| ∈ SExt, then (f; P; ’) is an Ext-trap. If im’ * G, we
put G+1 =G ⊕ b−1()C. Then G+1 is p-cotorsion free (!1-free) and G+1 satisBes
(2) for + 1. Clearly, G = G+1 ∩ Ĝ.
If im’⊆G, consider the pushout of  and ’ in Mod-R. We have the commutative
diagram
L
 −→ H


 ∪∗


K
’−→ G
for some   ∈ HomR(L; H). W.l.o.g., ∪∗ is a p-pure embedding of R-modules. Note
that H=G ∼= L=im  ∼= D. Since the class of all p-cotorsion free R-modules (!1-free
R-modules) is closed under extensions, H is p-cotorsion free (!1-free).
Denote by  the isomorphism of D onto H=G. There is an R-submodule G⊆Q⊆H
such that  (C) = Q=G.
Note that Qˆ=Hˆ . Indeed, if Q⊆∗ Qˆ⊆∗ Qˆ⊕X=Hˆ for a non-zero p-reduced R-module
X , then X ⊕ Qˆ=Q ∼= Hˆ =Q. Since H=Q and Hˆ =H are p-divisible, so is Hˆ =Q, and X , a
contradiction.
We have Q = G ⊕ C, where C
.∼= b−1()C. Denote by / the inclusion of G
into Ĝ = Bˆ ⊕ [
⊕
)∈J )C. We have the following commutative diagram of p-pure
R-monomorphisms
Q /⊕.−→ Ĝ ⊕ b−1()C
∪∗

 ∪∗


G
/−→ Ĝ
Since Q is p-pure essential in Qˆ = Hˆ , and Gˆ ⊕ b−1()Cˆ is p-pure injective /⊕ .
extends to an R-monomorphism 0 ∈ HomR(Hˆ ; Gˆ ⊕ b−1()Cˆ) by [6, Section 41]. Put
G+1 = im(0  H). Since 0  G = /, we have G⊆∗ G+1. Since G+1 is isomorphic
to H , G+1 is p-cotorsion free (!1-free). In order to show that (2) holds for + 1, it
remains to be proved that [G+1=Ĝ⊕b−1()Cˆ. But Qˆ=Hˆ and the fact that 0 is monic
imply that im 0 is the p-completion (injective hull) of im(/⊕.)=G⊕b−1()C. Since
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im 0⊆ Ĝ ⊕ b−1()Cˆ, we infer that 0 is surjective. Now, im 0 is the p-completion of
G+1, so [G+1 = im 0 = Ĝ ⊕ b−1()Cˆ.
Note that by our construction both squares of the diagram
L
 −→ H 0H−→ G+1


 ∪∗

 ∪∗


K
’−→ G — G
(3)
are commutative, so ’ = 0 .
Next, we prove that G = G+1 ∩ Ĝ. If g ∈ G+1 ∩ Ĝ, then g =
∑
k¡! p
kgk
where gk ∈ G (k ¡!). So g = g0 + p
∑
k¡! p
kgk+1. Since g0 ∈ G+1 and G+1 is
p-pure in [G+1, we infer that
∑
k¡! p
kgk+1 ∈ G+1 ∩ Ĝ. So g+G is p-divisible in
(G+1∩Ĝ)=G for each g ∈ G+1∩Ĝ. Since D ∼= G+1=G is p-reduced, we conclude
that G = G+1 ∩ Ĝ.
If ||P|| ∈ SEnd, then (f; P; ’) is an End-trap. If ’ is a multiplication by an
element of R, we put G+1 = G. Then (2) is clear for + 1.
If ’ is not a multiplication, we deBne G+1 = 〈G, g〉∗⊆∗ Gˆ using [1, Corol-
lary 3:10] so that ’(g) ∈ Ĝ \G+1 in case  is strong in the sense of [1, 3.2].
Moreover, by the Recognition Lemma [1, 3.5], also ’′(g′) ∈ Ĝ\G+1 for all ordinals
′¡ such that ||P′ || ∈ SEnd, ’′ is not a multiplication, and ′ is strong. Then (2)
holds for +1. As in [1, Lemma 6:2], we infer that G+1 is p-cotorsion free (!1-free).
If ¡∗ is a limit ordinal, put G =
⋃
)¡ G). Then (2) is true by the induction
premise. Also, G is p-cotorsion free (!1-free): the latter follows by [3, Theorem
2:3(c)]. To prove the former one, let 2 ∈ HomR(Rˆ; G). Then 2(R)⊆G) for some
)¡. Since HomR(Rˆ=R; Ĝ) = 0, we infer that im 2⊆G ∩ Ĝ). Since G3 =G3+1 ∩ Ĝ3
for all ) ≤ 3¡ with ||P3|| ∈ SExt, arguing as in [1, Lemma 6:2], we conclude that
2= 0.
Put G =
⋃
¡∗ G. As in the previous paragraph, we get that G is p-cotorsion free
(!1-free).
In order to prove that ExtR(D;G) = Ext(D;G) vanishes, consider an arbitrary ’ ∈
HomR(K;G) = Hom(K;G). By (1), it suTces to Bnd  ∈ HomR(L; G) = Hom(L; G)
such that ’=  . Since |im’| ≤ |K | ≤ ¡ cf (), part (v) of Lemma 2 implies that
there exists ¡∗ such that ||P|| ∈ SExt, im’⊆G and ’ = ’. By construction,
diagrams (3) are commutative, and we put  = 0 .
Finally, let ’ ∈ EndR(G)=End(G). Since Gˆ=Fˆ , ’ extends to some ’′ ∈ End(Fˆ). If
’′ is not a multiplication by an element of R, part (vi) of Lemma 2 shows that there is
a coBnal subset consisting of ordinals ¡∗ such that ||P|| ∈ SEnd and ’ =’′  P̂.
By [1, Lemma 4:6 and Main Theorem 5:2], there is ¡∗ such that ||P|| ∈ SEnd,
’ =’′  P̂ and  is strong in the sense of [1, 3.2]. Then ’(g) =’(g) ∈ Gˆ\G, a
contradiction. This proves that EndR(G) = End(G) ∼= R.
As an application of Theorem 1, we consider the case of R=Z and D=Z ( ≥ !),
the Baer–Specker group. Hunter proved that G is cotorsion whenever G is a group such
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that |G| ≤ 2 ¡ 2! and Ext(Z; G)=0 [9]. A question of what happens when |G|¿ 2k
was raised in [8]. Recently, Eklof has constructed an !1-free (hence not cotorsion)
group G such that |G|= 22 and Ext(Z; G) = 0 (see [4, Corollary 5]). We have:
Corollary 3. For each  ≥ ! there is proper class of indecomposable !1-free groups
G such that Ext(Z; G) = 0.
Proof. By Theorem 1 for R= Z and D = Z.
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